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ABSTRACT
In the present paper we prove common fixed point theorems in complete cone metric Spaces for weak contraction
which generalize and extend some well-known previous results of [9].
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INTRODUCTION

Fixed point theory as an important branch of nonlinear functional analysis theory has been applied in many
disciplines, see for instance [6-8]. By replacing the real numbers with an ordered Banach space, Huang and Zhang
[1] defined cone metric spaces and proved some fixed point theorems of contractions on cone metric spaces. Since
several authors have studied the fixed point problem of nonlinear mappings in cone metric spaces see for instance

[1].[2].[3].[4].[5].

The purpose of this paper is to extend and prove some common fixed point of general contractions in cone metric
spaces. Our results generalize and the respective theorems of [9].

PRELIMINARY NOTES
First, we recall some standard notations and definitions in cone metric spaces properties [1].

Definition 2.1 [1]: Let E be a real Banach space and P be a subset of E. P is called a cone if and only if:

0] P is closed, non — empty and P # {0},

(i) ax + by € P forall x, y € P and non — negative real number a, b;

(iii) xePand-xeP=>x=0<=>P N (-P) ={0}.

Given a cone P c E, we define a partial ordering < on E with respectto P by x <y ifand only if y — x € P. We
shall write x K y if y —x e intP, int P denotes the interior of P. Note that, itisclearif a < b,c < d, thena +
c<b+d,and foru € R,u = 0,ua < ub.

The cone P is called normal if there is a number K > 0 such that x, y € E,0 <x <y implies || X || <K ||y |-

In following we always suppose E is a Banach space. P is a cone in E with intP # ¢ and < is partial ordering
with respect

Definition 2.2 [1]: Let X be a non — empty set. Suppose the mapping d: X xX — E satisfies

Q) 0<d(x,y)forall x,ye Xandd (x,)=0ifandonlyifx = y;

(i) d(x,y)=d(y, x) forall x, y € X;

(iii) d(x,y)< d(x,z)+d(z p) forallx, y, ze X. Then d is called a cone metric on X, and (X, d) is called a
cone metric space.

Definition 2.3 [9]: Let (X, d) be a cone metric space, T a self map of X. Let x,,., = f(T, x,,,) be some iteration
procedure. Suppose thatF (T), the fixed point set of, is nonempty and that x,,, to a pointp € F(T). Let {y,} c X,

and define €,, =d (y2n+1f(T, yZn)). If lim €,,= 0 implies lim y,, =p, then x,,., = f (T, x,,,) is called stable
n—oo n—-oo
with respect T.
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MAIN RESULTS
The following theorem is an extension of theorem 2.1 and 3.2 of [9].
Theorem 3.1 Let X be a nonempty complete cone metric space. T;, T, : X X X — X be any two self maps on X
such that
d(Tyx, T,y) < h(Q,y)+Ld(Y, TyX) oo (3.1.1)
Forall x,y € X, where h is some real number in [0, 1], and L is some real number in (0,0). Then T; and T, have
a common fixed pointin X .
Proof. Let x, € X andn > 1, Let {x,,,} be a sequence generated by the following Picard iteration
Xon =Ty Xap—1 ANd X241 = T5 Xop
Now Taking x = x,,_, and y = x,,,. Then we get
d(Tyxzn-1, ToXan) < hd(Xpn-1X2n)-
This implies that  d(xan, Xan41) <hd(X2n_1%2n) -

In general
d(xZn, x2n+1) < hd(xZn—l,xZn)
<h2d(Xpn—1) Xom—2)Seeeeeninnaennnn, <h?™d(xq, xo)
For n > m, we have
d(xn%2m) <A, Xan-1) + d(Xan-1, Xan-2) +.oovveen. +d(X2me1, X2m)
S (RPLH R2M 2 4 e RP™) A (X X))
th
= E d(xl‘xo)

For a given ¢ € E with 0 < ¢, that is, ¢ € intP, there exist B(0,r) such that ¢+ B(0,7) € P, where B(0,r) =
2m

{x € E,||x|]| <r}. But there exist a positive number N such that ';_—h d(x,x,) € B(0,7) for all m > N.

Therefore, we have

2m
d(xpnXom) < ?Th d(x,%0) < ¢, for all m > N.This implies that {x,,} is a Cauchy
sequence and is convergent because of the completeness of X. We denote p = lim x,,, Notice that
n—-oo

d(®, T;p) < d(D, Xon+1) + d(Xons1,T1p)

d(p,Tip) = d(p,xan41) + d(Tyxz,, Tip )

< d(p,xn41) + hd(xZn, P) + Ld(p, Tix2n

= (1+L)d(, X2n41) + hd(xzp,p) = 0.

This implies that rlli—r>r¢;lo(p' T,p) = 0. Hence T; p = p .Therefore p is a fixed point of T;.

Now g is another fixed point of T;. Then we have
d(p,q) = 0implies thatp = q

Therefore, the fixed point of T;is unique. Similarly, it can be established that T,p = p. Hence T\p =p = T,p.
Thus p is the common fixed point of T; and T5,.

Theorem 3.2 Let X be a nonempty complete cone metric space. T;, T, : X X X be any two self - maps on X such
that

d(Tyx, T,y) S hQo,Y)HLA OO ToY) o, (3.2.1)
Forall x,y € X, where h is some real number in [0, 1], and L is some real number in (0,00). Then T; and T, have
a common fixed point in X .

Proof: The proof of this theorem is similar to the proof of the theorem 3.1.
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